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In this paper  we study the stability of the equil ibrium of a liquid heated f rom below, wherein 
the liquid sa turates  a planar layer  of a porous medium a rb i t r a r i ly  inclined to the direction 
of gravity.  We consider  the cases  for which the boundaries of the layer  are  heat-conducting 
and also thermal ly  insulated. In a horizontal  layer  with heat-conducting boundaries equilib- 
r ium is destroyed by per turbat ions  of cel lular  s t ruc ture  [1]. In a ver t ica l  layer  the mini-  
mum cr i t ica l  t empera tu re  gradient cor responds  to per turbat ions of p lane-paral le l  s t ructure .  
The t ransi t ion to cel lular  per turbat ions  in the case of heat-conducting boundaries takes place 
at an a rb i t r a r i ly  small  angle of inclination of the layer  to the ver t ical .  For  the thermal ly  in- 
sulated layer  the c r i s i s  of equil ibrium is connected with p lane-para l le l  per turbat ions at all 
angles of inclination. 

A two-dimensional  infinite layer  of a porous medium of thickness 2h, bounded by planes impermeable  
to a liquid, is inclined at an angle c~ to the ver t ica l .  The conditions of heating are  such that an equilibrium 
state is possible for which a constant ver t ica l  t empera tu re  gradient is created in the layer.  

The heat convection equations for a porous medium have the form [2] 

Pl -~- -~ ~ (vV) v = -- Vp + p~g~T~ - -  Pz "--ff v 

OT (9%),-~- + (PCp)l vVT = • (1) 

div v ---- 0 

where v is the fil tration rate,  p the convective addition to the p res su re ,  T the tempera ture ,  reckoned from 
a mean value, p the density, v the kinematic viscosi ty ,  fl the coefficient of volume expansion of the liquid, 
K the permeabil i ty ,  m the porosi ty,  Cp the specific heat at constant p ressure ,  ~ the coefficient of thermal  
conductivity, g the gravitat ional  accelerat ion,  and T a unit vector ,  directed ver t ica l ly  upwards. Quantities 
provided with the subscr ipts  l and s re fer ,  respect ively,  to the liquid and to the porous medium saturated 
by the liquid. 

At equil ibrium we have 

Vo = 0, VT o : --  A"/, Vpo = pzg~To~ (2) 

Here A is a constant equil ibrium tempera tu re  gradient.  

For  sufficiently large  A the equilibrium becomes unstable, small  per turbat ions increasing with time. 

If we use the notation v, T, and p for  per turbat ions of the fil tration rate ,  the tempera ture ,  and the 
p res su re ,  then, taking the Eqs.  (2) into account and l inearizing,  we have 

Ov v 
Pt -~" = - -  Vp  4- p~g~T,~ - -  Pl -K- v 

OT (pep)~ -b-/- -~ u,AT + (per) i A (v~) (3) 

div v ---- 0 
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On the l aye r  boundar ies  the normal  component  of the f i l t ra t ion ve loc i ty  vanishes  ( impermeab le  
boundaries) ;  the pe r tu rba t ions  of the t e m p e r a t u r e  for  infinitely heat-conduct ing boundar ies  and the p e r t u r -  
bat ions of the heat flow for  t h e r m a l l y  insulated boundar ies  a lso  vanish at the l aye r  boundaries .  The boundary 
conditions for  the s y s t e m  (3) have the f o r m  

v ~ = 0 ,  T = 0  or  O T / O x = O f o r  x = •  (4) 

The equations (3) have solutions p ropor t iona l  to exp (X t) (normal  per turba t ions) .  We can prove,  in a 
manner  analogous to that  employed in cons ider ing  convection in a v i scous  liquid [3], that for  heat appl ied 
f rom below (A > 0) the d e c r e m e n t s  a re  r ea l  and the pe r tu rba t ions  v a r y  monotonical ly with the t ime.  In an 
i so the rma l  s y s t e m  (A =0) the dec remen t s  a re  negat ive (stabili ty).  The s tabi l i ty  boundary is de te rmined  
f r o m  the condition X =0,and the neutra l  pe r tu rba t ions  a r e  obtained f r o m  the s t a t iona ry  equations,  

We r ewr i t e  the equations in d imens ion less  form,  choosing as  the units of d is tance,  t e m p e r a t u r e , v e l o c -  
ity, and p r e s s u r e  the r e spec t ive  quant i t ies  h, Ah, 

Then 

( K g ~ A  )~v-1)'/,, (ggpt~Ah~)~vK-1) ' /~,where ;( = • / (pcv)z 

- -  V p  - -  v + C T y  = 0 
T + c (v.t) = o 

div v = 0 

(5) 

The boundary  conditions a r e  

v x = 0 ,  T = 0  or  O T / O x = O  for  x = _ + l  (6) 

Here  C 2 =- R = K g f i A h 2 / v ) l ,  and R is the analog of the Rayleigh number .  

We shall  henceforth cons ider  only p lana r  pe r tu rba t ions  for  which Vy =0 and all quant i t ies  a re  inde- 
pendent of y. In this  case  it is convenient to introduce a s t r e a m  function defined by the re la t ions  

a ~  a ~  (7) 
~ x  = O z  ' v z  = - -  O x  

Eliminat ing  the p r e s s u r e  f r o m  Eqs. (5), we obtain 

A'f '+C(sincr + c o s a - ~ - ) = O  

A T - - C  s i l l a ~ + c o s a ~  = 0  (8) 

We consider  pe r tu rba t ions  per iodic  along the z axis:  

~F = q0 (x) exp (ikz),  T = 0 (x) exp (ikz) 

The equations for the ampl i tudes  of the pe r tu rba t ions  ~(x) and 0 (x) a s sume  the f o r m  

q~" - -  k~q~ + C (ik sin r + cos nO') = 0 
0" - -  k~O - -  C (ik sin a(p + cos a(p') = 0 (9) 

The p r i m e  indicates  different ia t ion with r e spec t  to x. The boundary conditions for  the s y s t e m  (9) 
can be wr i t t en  in the following form:  

q~=0,  0 = 0  o r  0' = 0  for  x = •  (10) 

The s y s t e m  (9) with the boundary conditions (10) const i tu tes  a c h a r a c t e r i s t i c  value p rob l em defining, 
for  a given l a y e r  angle of inclination o~ and pe r tu rba t ion  wave number  k, a c r i t ica l  value C; upon reaching  
this  c r i t i ca l  value the equi l ibr ium becom es  unstable re la t ive  to pe r tu rba t ions  with a given wavelength.  

The genera l  solution of the s y s t e m  (9) has the f o r m  

4 4 

q~ = ~ aj exp (iqjx), 0 = ~ b~ exp (iqjx) 
j ~ z  J = l  

(bz = i a l ,  b~ : i a 2 ,  ba : - -  i a a ,  b j  : - -  i a 4 )  

( 11 )  
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w h e r e  the  qj  a r e  the  r o o t s  of  the  c h a r a c t e r i s t i c  equa t ion  

ql = - - L - 4 - M ,  q~ = - - L - - M ,  q a - - - - - L + N ,  q ~ = L - - N  
L = 1/~ C cos a ,  M = 1/2 (C 2cos ~ a - -  4kC sin ~ - -  4k2) '/, 

N = '/2 ( C~ cos ta  -4- 4kC sin a - -  4k~) '/' 

Us ing  the  b o u n d a r y  cond i t i ons ,  we ob ta in  a s y s t e m  of four  l i n e a r  
h o m o g e n e o u s  a l g e b r a i c  e q u a t i o n s  f o r  the  d e t e r m i n a t i o n  of  the  c o e f f i -  
c i e n t s  aj .  Se t t ing  the  d e t e r m i n a n t  of t h i s  s y s t e m  equa l  to  z e r o ,  we o b -  
t a i n  an equa t ion  c o n n e c t i n g  C, k, and c~. 

We c o n s i d e r  f i r s t  the  c a s e  of  i d e a l l y  h e a t - c o n d u c t i n g  b o u n d a r i e s .  
We can  then  ob ta in  the  de pe nde nc e  of C on k and ~ in e x p l i c i t  f o r m :  

C = ~ (cos ~)-2 [2k sin r162 _+_ (4k ~ %- n ~ c o s 2 a )  '/~] (12) 
(n = t, 2, 3 . . . .  ) 

F r o m  Eqs .  (12) i t  fo l lows  t ha t  the  m i n i m u m  c r i t i c a l  R a y l e i g h  
n u m b e r  R .  i s  i ndependen t  o f  the  l a y e r  i nc l i na t i on  ang le :  

R ,  = min (C  2) = n2~ 2 

To i t  t h e r e  c o r r e s p o n d s  the  wave  n u m b e r  

k .  = 1/~ n~ sin 

The  f a m i l y  of  n e u t r a l  c u r v e s  Rl(k) fo r  n =1 i s  shown in F ig .  1 fo r  v a r i o u s  a n g l e s  ~ .  P e r t u r b a t i o n s  
wi th  k =0 a r e  the  mos t  d a n g e r o u s  only  fo r  a v e r t i c a l  l a y e r .  Th i s  c onc lu s ion  d i f f e r s  q u a l i t a t i v e l y  f r o m  the  
r e s u l t s  o b t a i n e d  in t he  p r o b l e m  c o n c e r n i n g  the  s t a b i l i t y  of  an i nc l i ned  l a y e r  of  a v i s c o u s  l iqu id  w h e r e  the  
t r a n s i t i o n  to  c e l l u l a r  p e r t u r b a t i o n s  o c c u r s  at  a s p e c i f i c  c r i t i c a l  ang le  [4, 5]. 

We can  a l s o  ob ta in  an  e x p l i c i t  e x p r e s s i o n  fo r  the  s t r e a m  funct ion.  F o r  e x a m p l e ,  fo r  the  fundamen ta l  

l e v e l  n = 1 we have 

T = acos  (~1-- Lx  ~- kz) cos 1/z~z (13) 

w h e r e  a and V a r e  a r b i t r a r y  n u m b e r s ,  c o r r e s p o n d i n g  to  t he  fac t  t ha t  the  so lu t i on  is  d e t e r m i n e d  to  wi th in  
a n o r m a l i z a t i o n  and a t r a n s l a t i o n .  It i s  ev iden t  f r o m  Eq.  (13) tha t  the  c o n v e c t i v e  c e l l  b o u n d a r i e s  on which  
r =0 a r e  s t r a i g h t  l i n e s .  T h e i r  equa t i ons ,  fo r  the  m o s t  d a n g e r o u s  p e r t u r b a t i o n s  (k = 1/2 ~ s i n ~ ,  L = 1/2 7rcos.  

~ ) ,  have  the  f o r m  

x cos a - -  z sin ct = 2~1/~ + S (14) 
(S =+__1, +-3, +__5 . . . .  ) 

i . e . ,  the  c e l l s  a r e  s e p a r a t e d  f r o m  one a n o t h e r  b y  v e r t i c a l  s t r a i g h t  l i n e s ,  the  d i s t a n c e  be tween  which  a long  
the  h o r i z o n t a l  i s  two o r  one l a y e r  t h i c k n e s s e s .  By v a r y i n g  the  p a r a m e t e r  77 we can  d i s p l a c e  t h i s  s y s t e m  of 
l i n e s  to  the  r i g h t  o r  to  the  le f t ,  wh ich  c o r r e s p o n d s  to  a t r a n s l a t i o n  a long  the  z a x i s .  The  p e r i o d  of  the  t r a n s -  

l a t ion  i s  

l = 2A~ll~ sin a (15) 

w h e r e  AT d e n o t e s  the  change  in ~/. 

In the  c a s e  of  t he  v e r t i c a l  l a y e r  the  a r b i t r a r i n e s s  of q l e a d s  to t he  r e s u l t  t ha t  we can  have a so lu t ion  
with  a s ing le  ce l l  occupy ing  the  whole  l a y e r  o r  we can  have  a so lu t ion  wi th  two c e l l s .  The  b o u n d a r y  b e t w e e n  
t h e m  is  p a r a l l e l  to  the  l a y e r  w a l l s  and  can  be  s i t u a t e d  at  an a r b i t r a r y  d i s t a n c e  f r o m  the  w a l l s .  Thus ,  fo r  

a v e r t i c a l  l a y e r  the  c r i t i c a l  n u m b e r  R i s  doubly  d e g e n e r a t e .  

We c o n s i d e r  now the  c a s e  of t h e r m a l l y  i n s u l a t e d  b o u n d a r i e s .  I m p o s i n g  on the g e n e r a l  so lu t i on  of t h e  

s y s t e m  (9) the  c o r r e s p o n d i n g  b o u n d a r y  cond i t i ons ,  we ob t a in  the  equa t ion  

exp (iql) exp (iq~) exp (iq3) exp (iq4) 

exp ( - -  iql) exp ( - -  iq~) exp ( - -  iq3) exp ( - -  iq~) 
= 0 (16) 

- -  ql exp (iql) - -  q~ exp (iq~) q~ exp (iq3) q4 exp (~q4) 

- -  q l e x p ( - -  iqx) - -  qzexp(- - iq~)  q3exp(-- ' iq~)  q4exp(--  iq~) 
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Equation (16) defines the function C(k, ~) implicitly. For  small  wave num- 
bers  (long wavelength perturbations) we write C as a power se r i e s  expansion 
in k: 

C = Co -}- C l k  ~ -~ C~k 4 ~ . . .  (17) 

The expansion must contain only even powers of the wave number  since 
it is evident f rom the sys tem (9) that C does not depend on the sign of k. The 
sys tem of levels breaks  up into two groups:  for  the one ("even" levels) C o = 
n,v/cos a ;  for the other (Wodd" levels) C o is determined from the equation 

tg (Co cos a ) / C o c o s  ~ -~ l/sin 2 ~ (18) 

Calculations show that for the f i rs t  odd level (the fundamental one) C 1 > 0. 
(The expression for C 1 is ra ther  involved and will not be given here.) 

Thus the most "dangerous w per turbat ions  are  those with k = 0. 

For  the second level (the f i rs t  even level) 

Ct = (i - - 4  sin4a)/n cos3a ; (19) 

f rom these it follows that C I > 0 for ~ < 45 ~ and that C 1 < 0 for  ~ > 45 ~ and per turbat ions  with finite k 
lead to instability. In the neighborhood of the cr i t ical  value of the angle a 0 =45 ~ C 1 = - 4 ~ - 1 -  (~ _d0), and 
the wave number of the most  dangerous per turbat ions  depends on ~ according to the law 

k ,  = ] / 2  / .~C~ (~ - -  no) 1'~ (20) 

where C 2 is taken for ~ =a0- 

To study the behavior of the neutral  curves  for  finite k we solved Eq. (16) numerical ly.  

Figure 2 shows the neutral curves  Rl(k) for  the fundamental instability level for var ious  layer  or ien ta -  
tions. For  k=0  they have a minimum for all ~, and they increase  monotonically as k increases .  The neu- 
t ra l  curves  R2(k) for the second level are  shown in Fig. 3. For  c~ < 45 ~ they have a minimum at k=0.  When 

=45 ~ a change in the fo rm of the instability occurs ,  and as the inclination angle is increased still fur ther  
cel lular  per turbat ions  lead to an equilibrium cr is is .  

In contrast  to the case of heat-conducting boundaries,  here the minimum cr i t ical  numbers  R ,  depend 
oa the layer  orientation. This dependence, fa i r ly  weak for the fundamental level (Fig. 4), becomes signifi-  
cant at the higher levels.  The number of ex t rema on the neutral  curves  R(k) increases  for the higher levels 
and depends on the l ayer  orientation. 

The author thanks G. Z. Gershuni  for stating the problem and his interest  in the work. 
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